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Solutions of the Compressible Navier-Stokes Equations
Using the Integral Method

M. M. EIRefaee,* J. C. Wu,t and S. G. LekoudisJ
Georgia Institute of Technology, Atlanta, Ga.

The integral representation method was used to obtain numerical solutions of the compressible, unsteady,
two-dimensional Navier-Stokes equations for subsonic flows. The equations were written with the vorticity, the
dilatation, the density, and the enthalpy as the dependent variables. The method was tested by solving the
following problems: the flow over a flat plate, around a circular cylinder, and around a Joukowski airfoil. The
last two problems involved massive flow separation. The approach offers the capability of confining the domain
of computations to the, region where two quantities, the vorticity and the difference in dilatation between the real
flow and the potential flow around the body, are non-negligible.

I. Introduction

THE equations that govern most of the flows of interest in
aerodynamic applications are the Navier-Stokes

equations. Because of their complexity, analytical solutions
are available only for an extremely small number of
problems. Hence, numerical solutions are being sought. For
flowfields with certain characteristics, simplifications of the
Navier-Stokes equations, compatible with the characteristics,
have been used to predict these flowfields. However, there are
cases of importance in applications where simplifications of
the equations are not allowed because of the nature of the
flowfield. Examples of such cases are the static and dynamic
stalls of airfoils and the complicated flows inside tur-
bomachinery devices.

The computation of the flowfield around airfoils un-
dergoing static or dynamic stall has already been performed
by several investigators. References 1-6 describe different
methods for solving the problem in incompressible flow. The
compressible flow problem has been examined in Refs. 7 and
8. These calculations require considerable resources,
especially for the case of high Reynolds number flows. Some
of the reasons for the requirements will be explained sub-
sequently.

Most of the methods used to obtain numerical solutions to
the Navier-Stokes equations have common characteristics.
They use finite-difference techniques and they apply the
infinity boundary conditions at some finite distance from the
body. They compute the surface vorticity, a quantity of
importance in the accuracy' of the calculations, using
essentially interpolation procedures. One reason that it is
costly to obtain these solutions is that a large number of grid
points must be used. That is so because the grid must capture
the details of the flow where the gradients are large and also
extend far enough so that the infinity boundary conditions
can be used with some confidence.

A different approach for computing unsteady viscous
flowfields was presented in Refs. 9 and 10. The main ad-
vantages of this approach, called the integral representation
method, are the following. First, the computations are
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confined to regions of non-negligible vorticity, which are
quite small for high Reynolds number flows. Hence, the
number of points in the computational grid is smaller than the
number required by more conventional approaches for
comparable accuracy. Second, the surface vorticity is com-
puted directly and not through interpolation. Moreover, the
infinity boundary conditions are satisfied exactly. For the case
of incompressible flows, the flowfield around airfoils _with
massive separation was computed using this approach in Refs;
2-6.

In the present study, the integral approach is extended to
compressible flows. This has been achieved by using the
dilatation as a dependent variable. The resulting system of
equations needs to be solved only where the vorticity and the
dilatation are non-negligible. Because the dilatation is
significant at distances from the body where the vorticity is
already negligible at high Reynolds numbers, the approach
initially does not seem as advantageous as in the in-
compressible case. However, the problem has been refor-
mulated so that solutions are needed only in regions where the
vorticity is non-negligible and the dilatation difference be-
tween the viscous flow and the potential flow around the same
configuration is also non-negligible.

The developed formulation has been applied to the
following problems. The problem of the flow over a flat plate,
around a circular cylinder, and around an airfoil. The last two
problems involve massive flow separation. The formulation is
described in Sec. II of this paper. The numerical procedure
used is described in Sec. Ill, the results and discussion are in
Sec. IV, and the conclusions are in Sec. V.

II. Analytical Formulation
A. Governing Equations

In an unbounded two-dimensional region R, the con-
servation of mass for compressible flow can be expressed as13

X (r- (r-r0)
r-r

where
(1)

(2a)

(2b)

are the definitions of vorticity w and dilatation 0, and V^ is
the assumed uniform velocity at infinity. Equations (1) and
(2) describe the kinematics of the flow because, once o> and J3
are known, the instantaneous velocity field is known
everywhere through the integral Eq. (1). In the incompressible
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flow case, the vorticity co is governed by the vorticity transport
equation, obtained by applying the curl operator on the
momentum equation (Navier-Stokes equation) and using Eq.
(2a). In the compressible case, |8^0, an equation governing
the transport of the dilatation j8 is needed. Using the
definitions Eqs. (2) and applying the curl and the divergence
operators on the compressible momentum equation for two-
dimensional flow, obtain

B. Use of Potential Flow Solution
Equation (1) can be written in the following form:

V(r t)=L\ <*
27rJ*7

r-r

\r-r0\2'

(7)

dco
-—
at (£)

(3)

(4)

where co denotes the magnitude of vorticity vector. The terms
</> and \l/ are given in the Appendix, look like "source" terms,
and are identically zero in the incompressible case. In Eqs. (3)
and (4) Re is the Reynolds number, p the density, JLC the
(variable) viscosity, and h the enthalpy. Hence, it seems
necessary, in order to solve the system Eqs. (1-4) and obtain
answers to the problem of compressible flow, to have p and h
available. They can be obtained by solving the following
equations for p and h:

where Rj is the region of the flow where vorticity is non-
negligible and R2 is the rest of the domain, extending to in-
finity for exterior flow problems. This expression can be
written for potential flows around the same body

r(,.t}

27T

r-r

0,n(r-r0)dRl r 3 -̂
r~r 2* Js r~r

-dS+ K«,

(8)

where the subscript p indicates potential flow and yp is the
vortex sheet strength on the surface S of the body, due to the
potential flow. Then, if Rj extends far enough from the body,
the combination of Eqs. (7) and (8) gives

(5)

(6)

The governing Eqs. (3-6) have been nondimensionalized by
normalizing the variable with respect to the following
reference quantities: distance L, velocity F^, density p^,
enthalpy F^, and time L/V^ where L is the characteristic
length of the body. The expression Eq. (5) is the conservation
of mass and Eq. (6) is the energy equation. 0, </>, and ^ are
source terms and are given in the Appendix. In Eq. (6), the
perfect gas equation of state is used, Pr is the Prandtl number,
k the thermal conductivity, and y the ratio of specific heats.
The system of Eqs. (1-6) is closed and completely equivalent
to the familiar Navier-Stokes equations written in primitive
variables, provided that the dependence of Pr, p, k, and 7 on
the state properties p and h is known. The following ob-
servation can be made about this system.

Because Eqs. (1) and (2) completely define the flowfield (the
instantaneous pressure can be obtained easily through a
numerical integration of the momentum equation once the
velocities are known) we need only to solve for the part of the
flowfield where co and /3 are non-negligible. For high Reynolds
number flows, w is substantial only in a region close to the
body and in the wake. Hence this approach offers a reduction
of the computational region, compared with more con-
ventional formulations. This has already been demonstrated
in calculations of problems involving incompressible flows. 2~6

In the compressible flow problem examined here, the com-
putational domain must extend far enough from the body to
include the region where /3 is substantial, at least in the
computational sense. For the case of the subsonic flow
around an airfoil, potential flow theory indicates that this
region has a length scale comparable with the airfoil chord.
Hence, it seems that the developed formulation does not offer
any substantial advantage over the more conventional ap-
proaches. However, by using potential flow solutions around
the body, it will be shown in Sec. B that the domain of
computations can be further reduced.

-T\27rJs (9)

The relation Eq. (9) implies the following. First /3 — ($p in R2.
is small enough so that its effect on the velocity in Rj is
negligible. Second, one needs to solve only in Rlt which is a
smaller region than the region where 0 is significant. Thus, the
approach does offer a reduction of the computational
domain, compared with conventional approaches.

A study has been conducted to determine the contribution
of the dilatation difference, j3-j3p, in region R2 to the
velocities in region Rj (vortical region). The difference in
dilatation between the viscous flow and the potential flow
around a circular cylinder is simulated by a difference in
dilatation between two potential flows, one around a circle
and the other around an ellipse. The ellipse acted as a fic-
titious body surrounding the vortical region. A series solution
in Maclj number (M<1) was then used to get the value
^circle ~~ ^ellipse fr°m the known incompressible solutions
around the circle and the ellipse. The contribution of /3circle -
0 ellipsein region R2 to the velocities R; was calculated by using
the integral relation.11 The results obtained indicated that if
the region R1 extends far enough, the contribution of /3circle -
i8ellipse in R2 to the velocities in Rj becomes negligible.
Detailed discussion is given in Ref. 11. For example if /?/
extends 5 radii away from the circle, the contribution of the
value |8circle - |8ellipse in R2 to the velocities in Rj becomes less
than 1 % of the freestream velocity.

C. Surface Vorticity
Imposing the no-slip condition on the body surface

overspecifies the boundary condition for the vorticity trans-
port equation. This statement has already been discussed in
detail in other publications dealing with the integral
representation approach, and a detailed description can be
found in Ref. 10. It can be shown10 that a unique deter-
mination of the surface vorticity can be made by applying the
no-slip condition on the integral expression for the kinematics
of the problem. For the case of the compressible flow problem
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examined here, the application of the no-slip condition on Eq.
(9) gives

<?-*,)•* ('•-'-
r-r

*/ s-ro\2

(10)

where the subscript S denotes the solid boundary and 7 is the
unknown surface vorticity, to be obtained by solving the
integral Eq. (10) for 7.

Equation (10) is a vector equation. An efficient method to
solve Eq. (10) for 7 has been developed and applied to the
incompressible flow case. To describe the method briefly, the
dot product of Eq. (10) with the vector t, tangential to the
body surface, is taken and the principle of conservation of
total vorticity is used to transfer 7 outside the first integral.
The area integrals involving o> are evaluated using Fourier
series expansion because the flow is periodic in 6, in a polar
coordinate system (r,d). This applies both to the cylinder and
to airfoil problems because the computational domain for the
airfoil is the outside of the cylinder to which the airfoil is
transformed. The same technique has been used in the present
study with the extra complication of evaluating the area in-
tegrals involving the dilatation using Fourier series. Details
can be found in Ref. 11.

III. Numerical Procedures
Because the computation of the flow around the airfoil is

the most complicated of the problems that have been attacked
using the formulation described in Sec. II, the subsequent
discussion will be confined to this case.

The region around the Joukowski airfoil was transformed
onto the region outside a circular cylinder through a con-
formal transformation.11 Hence, for both the cylinder and
the airfoil problems, the computational domain was the same.
In this domain a polar coordinate system (r,6) was used. For
the case of the airfoil, the governing equations are the same as
in the case of the circular cylinder, the only difference being
the appearance of the scale factor of the transformation. This
procedure, used several times before in the solution of in-
compressible flow problems, can be found in Refs. 4, 5, and
11.

For reasons of computational efficiency, the integral
representation for the kinematics was used only in a part of
the computational domain. This part included the outer
boundary, the first eight grid lines around the airfoil, and a
region between the airfoil and the downstream boundary.
This region was bounded by two grid lines in the radial
direction and included the trailing edge of the airfoil. In the
rest of the computational domain, a Poisson equation for the
velocity in the 0 direction was solved. Then, the definition of
the dilatation /3 was used to' obtain the velocity in the r
direction.

The transport equations for o>, ft p, and h, Eqs. (3), (4), (5),
and (6), respectively, have the same form. Hence, the
numerical scheme used to solve them is kept identical. The
equations were solved in the computational domain using a
polar grid with equal spacing in 0, and increasing spacing in
the radial direction according to

(11)

with the cylinder radius having a length of unity and j in-
creasing away from the cylinder. An implicit finite-difference
scheme was used for the solution of the transport equations.
The time derivative was approximated using first-order
backward differencing and the diffusion and source terms
were approximated using second-order central differencing at
the solution time level.. The convection terms were, ap-

proximated, in their conservation form, by second order14

upwind differencing. The finite-difference equations were
linearized by delaying the velocities at the convection terms by
one time step, and by delaying some quantities in the source
terms. The resulting algebraic equations were solved using a
successive ''point under-relaxation" scheme. The relaxation
sweeps were alternating in the 6 direction because that was
found to accelerate convergence. The solid body was set into
motion impulsively. At this impulsive start, the flow was
prescribed by the potential flow solution. The sequence of the
calculations was as follows.

1) With all the dependent variables known at the previous
time level, the vorticity transport equation is solved to obtain
the values of the interior vorticity.

2) New values of the boundary vorticity are obtained using
the integral representation, as described in Sec. II.C. The
steps 1 and 2 are repeated until a prescribed convergence
criterion is satisfied.

3) The rest of the transport equations are solved to
determine the values of p, ft and h at the new time level.

4) Using the new a; and ft the velocities are computed in the
6 direction. As mentioned before, the integral relationship is
used for the first eight grid lines next to the body, at the outer
boundary, and at a region that includes the trailing edge of the
airfoil and is bounded by two grid lines in the radial direction.
In the rest of the domain, a Poissori equation is solved for the
velocity in the 6 direction using finite differences. Then the
velocities in the r direction are obtained using the definition of
the dilatation. The time is advanced and the procedure is
repeated from step 1.

The zero derivative of h and p normal to the wall was used
as the boundary condition (adiabatic wall). The value of /3 at
the wall was obtained using three-point extrapolation at each
iteration of the transport equation for ft The potential flow
values used for all the field variables were used as upstream
boundary conditions at the outer boundary. Zero second
derivatives for h, p, and ft and zero vorticity were used as
downstream boundary conditions at the outer boundary. The
wake never approached the outer boundary during the
calculations. The convergence criteria used in solving the
vorticity transport equation were based on the maximum
variation of the surface vortex strength between two con-
secutive iterations. At early time levels this tolerance was
specified to be 0.002 and subsequently is reduced to 0.0005 at
later time levels.

IV. Results and Discussion
The formulation presented in Sec. II of this paper was

tested by solving for the flow over a flat plate, around a
circular cylinder, and around a 9%-thick symmetric
Joukowski airfoil. A description of the results follows.

The flow over a flat plate was solved for the following
conditions: freestream Mach number 0.5, Prandtl number 1,

uoD
o

— PRESENT METHOD(M=0.5)
A FIKHTE-DIFFERENCE(M=0.5) [7,12]

— BOUNDARY LAYER THEORY(M=0.5) [15]

-8.00 -12.00
VORTICITY , W

Fig. 1 Surface vorticity at midplate.
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0 EXPERIMENTS(INCOMP.) [le]

——— PRESENT METHOD(M=0.4)

000 36.00 72.00 108.00 144.00 180.00
ANGLE IN DEGREES

Fig. 2 Pressure distribution comparison (compressibility effect) on
circular cylinder.

—— PRESENT METHOD(M-0.4)

—— nNITE-DIFFERENCE(M=0.4)
[7,12]-

0.00 36.00 72.00 108.00
ANGLE IN DEGREES

144.00 130.00

Fig. 3 Pressure distribution on circular cylinder (comparison be-
tween the present method and the pure finite-difference method).

Table 1 Comparison between finite-difference method
and present method

Quantity
Angle of separation, deg
Length of standing vortex

over cylinder diameter
Drag coefficient due to

pressure
Drag coefficient due to

shear

Finite-
differences 12

127.5

2.54

1.32

0.561

Present
method
126.3

2.92

1.23

0.520

Reynolds number based on plate length 1000. A relatively
coarse grid with uniform Ax = 0.1L, Ay = 0.04L was used. The
grid extended 0.5L ahead of the leading edge of the plate,
1.5L behind the trailing edge of the plate, and 0.8L above the
plate. Figure 1 shows the vorticity at the middle of the plate
obtained using the present formulation, a purely finite-
difference technique, and a boundary-layer theory. n'12>15 The
differences are due partly to the different grids and partly to

PRESENT ANALYSIS

O FINITE DIFFERENCE [7,12]

0.00 20.00 40.00 60.00
CHORD PERCENTAGE

80.00 100.

Fig. 4 Surface pressure distribution on a 9% Joukowski airfoil at
zero angle of attack.

— PRESENT METHOD

O FINITE-DIFFERENCE [7,12]

20.00 40.00 60.00
CHORD PERCENTAGE

80.00 100.00

Fig. 5 Surface vorticity distribution on a 9% Joukowski airfoil at
zero angle of attack.

the different numerical schemes used. The overshoot of the
present result over the boundary-layer data near the surface is
expected and is due to the favorable pressure gradient along
the surface caused by the displacement effect.

The second test problem solved was the flow over a circular
cylinder. The conditions used were the following: freestream
Mach number 0.4, Prandtl number 1, Reynolds number based
on the cylinder diameter 40. The grid consists of lines of
constant radii and lines of constant angle 6. The lines of
constant 6 are equally spaced with Tr/20 intervals. In the radial
direction, an exponential stretching relation is assumed
r = exp[0.06(/—1)]. The total number of grid points used is
2000. At the earlier time levels, the computational region
contained about 40% of the total number of points. As the
solution progressed in time, the number of points in the
computational domain gradually increase. The computations
were started by using the potential flow solution at the
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beginning and stopped at a time level of 7.5, based on the
freestream velocity and the cylinder diameter, when
numerically steady state was achieved. The CPU time used to
reach steady state is 8 min on a CDC 6600 computer. To test
the program, the vorticity transport equation was solved
alone by "switching off" the source terms. Thus, in-
compressible flow results were obtained. Figure 2 shows a
comparison of the pressure coefficient obtained using the
developed formulation, obtained for the incompressible flow
case, and for experiments in incompressible flows.16 The
compressibility effect is present. Although the freestream
Mach number is 0.4, the local Mach number reaches almost
unity near the shoulder. Figure 3 shows the compressible
pressure coefficient obtained using the present approach and
a purely finite-difference technique.7'12 Table 1 shows some
more comparisons.

The most complicated problem solved using the developed
formulation was the flow around a 9%-thick symmetric
Joukowski airfoil. The region outside the airfoil was mapped
conformally onto the computational domain which was the
region outside a circular cylinder. The grid system consists of
48 equally spaced points in 6 direction and of 40 points in r

Table 2 Comparison of present results and Ref. 7

Flow feature
Onset of separation
Cycle of vortex shed-

ding begins at
Cycle of vortex shed-

ding 7ends at
First appearance of

trailing-edge bubble
Strouhal number

(chord/ v ̂  T cycle)
^- L max
^-Lmin
CD max
^Dmin

Present results
T= 0.506

75=1.943

Te =8.423

r=3.171

0.1547
1.32

,0.254
0.346
0.165

Ref. 7
T= 0.584

Ts= 1:699

Te = 7.373

r=2.88

0.17626
1.34
0.251
0.364
0.141

direction. The points in r direction are placed according to the
exponential relation mentioned in Sec. Ill with Az = 0.164,
S0= -2.88 and C=0.943. Figures 4 and 5 show the surface
pressure distribution and vorticity of the airfoil, at zero angle
of attack, for the following conditions: freestream Mach
number 0.4, Prandtl number 1, Reynolds number based on
the airfoil chord 1000. The calculations were started by using
the potential flow solution as the initial flowfield.

0 INCOMPRESSIBLE

COMPRESSIBLE(M=0.4)

(300 20.00 40.00 60.00
CHORD PERCENTAGE

Fig. 7 Surface vorticity distribution for 7= 0.941.

o INCOMPRESSIBLE

A COMPRESSIBLE(M=0.4)

0.00 20.00 40.00 60.00 80.00
CHORD PERCENTAGE

100.00

Q INCOMPRESSIBLE

A COMPRESSIBLE(M=0.4)

0.00 20.00 40.00 60.00
CHORD PERCENTAGE

80.00 100.00

Fig. 6 Surface pressure distribution for T- 0.941. Fig. 8 Surface pressure distribution for T= 2.557.
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Numerically steady state solution was obtained after a
dimensionless time of 2.25, based on the freestream velocity
and the airfoil chord. In Figs. 4 and 5 the surface pressure and
vorticity distributions are compared with results of a purely
finite-difference technique.7'12 Considering the differences in
the grids and the techniques used, the results are close. Similar
comparisons for the angle-of-attack case were not always
possible due to the different flowfields at the beginning of the
calculations. Although the effect of the initial condition on
the magnitude of the computed field variables decays rapidly,

phase differences make further comparisons difficult.
However some comparison between the present results and
those of Ref. 7 is shown in Table 2. In the last test cases the
solutions approach steady state asymptotically. However in
the angle-of-attack case although the boundary conditions are
independent of time, the solution obtained is unsteady
(periodic behavior). The airfoil exhibited massive separation
at 15-deg angle of attack. Figures 6-8 show the surface
pressure distributions and Figs. 9-11 show the surface vor-
ticity at three time levels after the beginning of the com-
putations. Results for incompressible flow are also shown in
these figures. The effect of compressibility, although small
for the conditions stated previously, is to delay the sequence

Z)
(D

INCOMPRESSIBLE

COMPRESSIBLE(M=0.4)

0.00 20.00 40.00 60.00
CHORD PERCENTAGE

100.00

Fig. 9 Surface vorticity distribution for T= 2.557.

INCOMPRESSIBLE

COMPRESSIBLE(M=0.4)

20.00 40.00 60.00 80.00
CHORD PERCENTAGE

Fig. 11 Surface vorticity distribution for T= 5.013.

100.00

Ld
O
CJ ,

CO
LT>

0 INCOMPRESSIBLE

A COMPRESSIBLE(M=0.4)

000 20.00 40.00 60.00
CHORD PERCENTAGE

80.00 .100.00

Fig. 10 Surface pressure distribution for 7= 5.013.

T = 5.013

Fig. 12 Streamline-like lines and equal vorticity lines.
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of events, like the growing of the bubble and the bursting of
the bubble from the airfoil surface. Figure 12 shows the
streamline-like lines at the same three time levels. These
streamline-like lines were obtained using the stream function
corresponding to the calculated vorticity, and a stream
function corresponding to the potential flow due to the
computed dilatation /3, in an additive fashion.11 For low
Mach numbers, these lines are very close to the actual
streamlines.

The grid was extended during the calculations due to the
increasing viscous region of the flow. The average execution
speed was 0.025 s per time step per grid point on a CDC 6600
computer. The whole cycle takes approximately 4.13 h.

V. Conclusions
The integral representation approach has been extended to

the case of compressible flows, and has been used to solve the
two-dimensional unsteady compressible Navier-Stokes
equations for the following three subsonic test problems: the
flow over a flat plate, around a circular cylinder, and around
an airfoil. The solutions obtained compare favorably with
existing finite-difference solutions. More important, the
method restricts the domain of computations to the viscous
region of the flowfield. The viscous region is the region where
the vorticity and the difference in dilatation between the real
flow and the potential flow around the body are numerically
significant.

Aooendix
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For low subsonic speeds the variation of viscosity has a
negligible effect and the source terms can be approximated by

-1
(A6)

(A7)

pRe
(A8)

In the preceding expression, k denotes the unit vector normal
to the plane of the flow.
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